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Experimental Design of H. Weighting Functions for Flight
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This paper introduces an experimental solution for H. weighting function selection by exploiting an
experimental planning method that has been used in quality control. Conducting matrix experiments
using special matrices, called orthogonal arrays, allows the effects of several weighting parameters to be
determined efficiently so that the resulting H. controller can satisfy many design specifications simultane-
ously in the environment for which the controller is designed. To show the feasibility and efficiency of
this methodology, a flight control system for an airplane is designed to satisfy 11 performance specifications
simultaneously, when the airplane is undergoing a large shift in c.g. position.

I. Introduction

OTH H. control theory'™ and p synthesis® have become

powerful design tools for handling large plant uncertainties
to achieve stability and performance robustness. Many related
software packages are now commercially available for synthe-
sizing robust controllers based on the input specifications.
Although H. controllers are easy to obtain by using existing
software packages,® most control engineers have encountered
difficulty in choosing the qualified weighting functions. During
the process of synthesizing H. controllers for a flight control
system, the most important and difficult procedure is to select
appropriate weighting functions that can fully reflect the
requirements of stability and performance.” Qualitative relations
between design specifications and weighting functions exist
for simple plants; however, for complex plants with stringent
specifications, a systematic approach to determine the qualified
weighting functions quantitatively is still lacking in the litera-
ture.

The purpose of this paper is to propose an experimental
solution for weighting function selection by exploiting a robust
design method® used in quality control. The original objective
of robust design was to improve the quality of a product by
minimizing the effect of process uncertainties without eliminat-
ing the causes. The tools used in robust design include the
identification of a measure of quality loss and a set of experi-
ments referred to as matrix experiments that will lead to a
design that minimizes quality loss.

A matrix experiment consists of a set of experiments wherein
we can change the settings of the parameters in a quality control
activity which, for the present case, corresponds to the activity
of choosing proper H.. weighting functions to ensure the satis-
faction of stability and performance requirements. After con-
ducting a matrix experiment, the data from all experiments in
the set taken together are analyzed to determine the effects of
the various parameters and to obtain the optimum setting of

Received April 19, 1993; revision received Sept. 22, 1993; accepted
for publication Sept. 28, 1993. Copyright © 1993 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Associate Professor, Institute of Aeronautics and Astronautics.

TAssistant Researcher, Department of Digital Flight Control System,
P.O. Box 90008-11-9.

tAssociate Scientist, Department of Digital Flight Control System,
P.O. Box 90008-11-9.

544

the parameters. Under certain conditions, conducting matrix
experiments using special matrices, called orthogonal arrays,
allows the effects of several weighting parameters to be deter-
mined efficiently. The main advantage of using a matrix experi-
ment to determine controller parameters is its coherence and
compliance with the practical environment within which the
controller is designed to operate. When a matrix experiment is
performed in a practical environment using real hardware, the
experimental data are recorded and the optimum values of
control parameters are determined in the presence of plant
uncertainties such as sensor measurement error, saturation of
actuators, the nonlinearities within plant dynamics, etc.

In this paper the H.. control theory and experimental planning
method are combined to design a flight control system that
satisfies 11 performance specifications and ensures robust sta-
bility when the airplane undergoes a wide range travel of c.g.
positions. It is shown that an experimental planning method
using orthogonal arrays tends to provide the optimal design of
H. weighting functions. Section II gives a brief discussion about
the methodology being used and the underlying assumptions
in matrix experiment. The flight control system to be designed
and the specifications to be met are described in Sec. III and
then the equivalent H. control problem is formulated in Sec.
IV. Finally, matrix experiments predicting the optimum H.
weighting functions are conducted in Sec. V.

II. Robust Design Using Matrix Experiments

An efficient way to study the effect of several parameters
simultaneously is to plan matrix experiments. Matrix experi-
ments are also called designed experiments; parameters are also
called factors; and parameter settings are also called levels. It
is shown in Ref. 8 that if a function for total quality loss Q;
can be formulated as a product of functions for quality loss
due to the different parameters, then a reduced set of experi-
ments can be formulated to cover all factors at all levels. This
reduced set of experiments is referred to as an orthogonal array.
Taguchi® has tabulated 18 basic orthogonal arrays. We refer the
interested readers to Ref. 8 for more details about the procedures
on constructing an orthogonal array to fit a specific case study.

To achieve additivity of the parameter effects, it is common
practice to take the log of Q; and express the result in decibels,

m = 10 log,, (1/Q)) (H
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Note that m is also called signal-to-noise ratio by Taguchi.’
Since log is a monotonically increasing function, minimizing
Q, is equivalent to maximizing v. We will seek the optimum
levels of each parameter with maximum m. To demonstrate the
concept of robust design using a matrix experiment, we consider
the following example. Assume there are four parameters A,
B, C, and D to be determined, with each parameter having three
levels. For example, A has three levels A, A,, and A;, B has
three levels By, B, and B;, etc. The purpose of the matrix
experiment is to determine the best level for each parameter
such that 7 is maximized. The traditional method would require
4’ or 81 experiments. However, under the assumption that total
quality loss can be formulated as a product of individual quality
loss factors, Taguchi® has shown that the optimal solution can
be obtained with only nine experiments.

The matrix experiment selected for this example is given in
Table 1. It consists of nine individual experiments corre-
sponding to the nine rows. The entries in the matrix represent
the levels of the parameters. Thus, experiment 1 is to be con-
ducted with each parameter at the first level.

After the values of m for each experiment are summarized,
the next step is to estimate the effect of each parameter on the
quality characteristics. First, the overall mean value of v is
given by

LS
:'9‘2'711‘ @

i=1

By examining the columns in Table 1, we see that all of the
three levels of every parameter are equally represented in the
nine experiments. It can be shown that the columns of Table
1 are mutually orthogonal. Here, orthogonahty is interpreted
in the combinatoric sense; that is, for any pair of columns, all
combinations of the parameter levels occur and they occur an
equal number of times. This is called the balancing property.
Thus, m is a balanced overall mean over the entire experi-
mental region.

In fact, there is a strong analogy between the matrix experi-
ment and the decomposition of the power of an electrical signal
into different harmonics: 1) the nine observed values of v are
analogous to the observed signal; 2) the sum of squared values
of m is analogous to the power of the signal; 3) the overall
mean m is analogous to the dc part of the signal; 4) the four
parameters are like four harmonics; and 5) the columns in the
matrix experiment are orthogonal, which is analogous to the
orthogonality of the different harmonics.

The effect of a parameter level is defined as the deviation
it causes from the overall mean, For example, we consider the
effect of level A,. It is observed that parameter A is at level 1
in experiments 1-3. The average m for these experiments,
denoted by my,, is given by

my, = Y3 (0 + mp + M) (3a)

Thus, the effect of parameter A at level A, is given by my —
m. Average m for levels A, and A;, as well as those for the

Table 1 Demonstrated matrix experiment

Expt. no. A B C D n dB
1 A B, Ci D, T
2 A, B, C, D, T
3 A B; G D; R E
4 A; B, G D; N4
5 A, B G D s
6 A B G D Ms
7 Az B, G D, 7
8 Az B, C D; N
9 Az By G D, Ny

various levels of the other parameters, can be obtained in a
similar way. Hence, for example,

mg, = Ya(m + ms + ), (3b)

me, =% (n: + ms + 1)

by noting that level B, appears in experiments 2, 5, and 8, and
level C; appears in experiments 3, 5, and 7. The desired level
for each parameter is the level that has the highest value of
average 1), i.e., has the highest effect.

At this. stage, one may be concerned with the problem of
whether the level with highest value of average m corresponds
to the “optimum” level resulting in the minimum quality loss.
The answer is affirmative provided the variation of m as a
function of the factor levels follows the additive model
described subsequently. An additive model is also referred to
as a superposition model or a variables separable model in
engineering literature. Note that superposition model implies
that the total effect of several factors is equal to the sum of the
individual factor effects. The relationship between Q; and the
parameters A, B, C, and D can be quite complicated. However,
in most situations, when Q, is chosen judiciously, m can be
approximated adequately by the following additive model:

(A, Bj, Co.D) =m+ a; + bj tea+td+te 4)

In Eq. (4), m is the overall mean; the deviation from m caused
by parameter A at level A; is a;; the terms b;, ¢,, and d, represent
similar deviations from m caused by the levels B;, C;, and D,
of parameters B, C, and D, respectively; and e stands for the
error of the additive approximation and the error in the repeat-
ability of measuring m for a given experiment. By definition
a;, a; and a; are the deviations from m caused by the three
levels of parameter A. Thus,

a1+a2+a3=0 (Sa)
similarly,

b1+b2+b3=C|+Cz+C3=d1+d2+d3:0 (Sb)

Under the additive model we can show that average m can be
used to predict the optimum level, i.e., the level having the
dominant effect. Consider Eq. (3b) for the estimation of the
effect of level B,
mg, = Ya(M + M5 + M)

l/El(m+a1+b2+C2+d2+ez)
+Yam +ay, + by + 3+ d + es)
+1A;(m+a3+b2+cl+d3+eg)
= 1/3(3m + 3b2) + 1/3(a1 + a, + a3)

+ 1@(61 + C3 + C3) + %(dl + d2 + d})

+ Y5(e, + e5 + )
= (m + bz) + %(32 + €s -+ eg)

Note that the terms corresponding to the effects of factors A,
C, and D drop out because of Eq. (5). Thus, my, is an estimate
of m + by, in other words, my — m is an estimate of the
deviation from m caused by B,. Now assume that A,, B,, C;,
and D, are the levels with the highest average value of v for
parameters A, B, C, and D, respectively. The additive model,
Eq. (4), can be used to predict the value of n under the optimum
conditions just given.
N =m+ a,+ b+ c; + 4
=m+ (my, — m) + (mg — m)

+ (mg, — m) + (mp, — m) (©)
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If the interactions within parameters are small compared to the
main effects, then the observed response g under the estimated
optimum conditions will match the estimated m,, based on the
additive model. Furthermore, if additivity is indeed achieved,
the matrix experiment provides simultancously the global opti-
mum levels over the discrete set we chose a priori. Fortunately,
in most practical situations the additive model provides an
excellent approximation. On the other hand, if additivity is not
perfectly achieved, the estimated parameters are not optimum
and the estimation error depends on the accuracy of additive
model approximation; however, matrix experiments with
orthogonal arrays still tend to result in well-performing parame-
ters in practice. Selecting a good quality characteristic O, and
parameters and their levels is essential in improving the additiv-
ity property. The selection process is not always easy. However,
when experiments are conducted using orthogonal arrays, a
verification experiment can be used to judge whether the inter-
actions are severe.

In the present study, the primary goal in conducting a matrix
experiment is to estimate the optimum levels for each parameter
in the weighting functions to make the H. controller most
insensitive to the noise factor which, in the present case, is the
airplane c.g. shift.

II1. Flight Control System
An experimental aircraft developed by Aeronautical Industry
Development Center (AIDC) is considered here. The longitudi-
nal motion of the aircraft at the flight condition of 0.9 Mach
number and 30,000-ft altitude is described by the following
state-space model:

& ~3313  0.0006 0 09032] [«
a| _|-8476 —02596 -3437 0 U
61=1 o 0 0o 10000 |{6
4 2578 —00060 O  -3022||gq
(7a)
~3346 —0.4579 —01365| T 4
~2485 ~4077 9885 ||
0 0 0 LEF
—65.53 -2451 —1534 | | B
o
N.] _ [9562 —00103 0002 —04354] | u
g1=170 o 0 1 0
q
(7b)
" _ By
+[ 2(1).12 8%50 66125] N
'TEF

where a, u, 9, g, and N, stand for angle of attack (deg), velocity
along the longitudinal axis (ft/s), pitch angle (deg), pitch rate
(deg/s), and normal acceleration (ft/s?), respectively. The pro-
posed control configuration is depicted in Fig. 1. There are
three control surfaces used in the longitudinal motion, namely,
elevator (3y), leading-edge flap (8.gr), and trailing-edge flap
(83z¢). The elevator deflection signal comes from the output of
the H. controller. The LEF/TEF deflections are trim controls
and are scheduled with Mach number M and angle of attack o,
providing the optimal lift/drag ratio. The bandwidth of surface
actuator is 4 Hz. Two pilot prefilters are exploited to improve
transient response. The normal acceleration N, and pitch rate
g are chosen as the feedback signals to facilitate the compatibil-
ity with the coupled flight/fire systems.

The main difficulty encountered in this control design is the
large c.g. shift during the operation of the fire system. The c.g.
position is related to static margin (SM),'*"" which is defined

K + Nz
oo @
X 1H T
Actuat Airplens q
e + confroller
16 B

f(Mach ACA)

Fig. 1 Longitudinal control configuration.

as the distance between center of gravity X, and aerodynamic
center X,

SM = X, — X, (®)

Static margin is an important index reflecting the relative stabil-
ity of the airplane. The range of SM between the most forward
and the most aft c.g. position of the present airplane is about
11%, leading to a significant change in low-frequency response
as shown in Fig. 2. It can be observed that the elevator becomes
much less effective in the forward c.g. position. As a conse-
quence, it is difficult to apply conventional proportional plus
integral (PI) controllers to meet the gain margin requirements
for the whole operation range of SM.

The flight control system should be able to compensate for
the effect of the SM shift and should meet the design specifica-
tions listed subsequently. Before proceeding further, some com-
mon quality characteristics for flight control system are defined.
Based on MIL F-8785 C,* the short-period damping and natural
frequency are calculated from the equivalent second-order
system

6 k(s + UTo)e™
= )]

T2 2
Oom 5+ 20048 + 0f

The original high-order system is fitted to this standard second-
order response. The system parameters k, Te, L, O, and 7
are estimated by minimizing the least-square error

S{[A gain]® + 0.017 [A phase]*} (10)

where the model-matching errors of gain (dB) and phase (deg)
are evaluated within the frequency range from 0.1 to 20 rad/s
(Ref. 12). The design specifications are listed as follows:

1) The maximum allowable overshoot Q. of pitch rate
response is 35%.

2) The overshoot of N, response should be zero.

3) The bandwidth w,, in pitch axis should lie between 6.5
and 11 rad/s.

4) The maximum allowable delay T is 0.065 s. The allow-
able region spanned by the bandwidth w,, and time delay T
should be within the level-1 contour.”

5) The equivalent short-period damping ratio ;, should be
within the military level-1 limit, i.e., 0.4 < {,, =< 1.4 (Ref. 12).

6) The equivalent short-period natural frequency w,, should
be within the military level-1 limit (Refs. 12 and 13).

7) The qualified drop-back time Ty (Ref. 14) for pitch
control should be within the satisfactory area, i.e, 0 = Ty
= 0.25.
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Nz/HT bode plot ( solid-aft c.g. , dash-forward c.g.)
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Fig. 2 Bode plot of transfer function from horizontal tail (HT) to normal acceleration (N,).
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Fig. 3 Specifications of Gibson’s frequency response.

8) The control anticipation parameter (CAP)?? defined as

CAP = [wZ/(N./o)] (11)

should lie between 0.28 and 3.6 rad/s¥g for fine tracking in
longitudinal motion.

9) At least a 6-dB gain margin and a 30-deg phase margin
are required in each surface break loop.”

10) The gain-phase curve of pitch-axis control loop should
be within the area of optimal precision tracking in the Gibson’s
plot** as shown in Fig. 3.

11) The deflection magnitude and rate of elevator control
surfaces should not exceed the limits *25 deg and 70 deg/
8, respectively.

IV. H. Controllers and Weighting Functions

The flight control system shown in Fig. 1 can be recast into
the standard feedback structure of Fig. 4 where 7, d, and n
represent reference command, disturbance, and measurement
noise, respectively. There are two outputs to be controlled, i.e.,
the weighted tracking error z; and the weighted closed-loop
response z;. The measurement outputs are y = [N, q]". The H..
controller K(s) is to be determined to satisfy the H.. inequality,

where S(s) = {I + G(s)K(s)]"' is the sensitivity function and
T(s) = G()K(s) [I + G(s)K(s)]™! is the closed-loop transfer

Wi()S(s)

Wy T|[, <!

12)

'Y
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Fig. 4 Standard feedback control structure.

function from the reference command r to the measurement
output y (also called the complementary sensitivity function).
The weighting function Wi(s) is incorporated intentionally to
shape tracking-error distribution; whereas Wi(s) is to shape the
plant uncertainty caused by the c.g. shift. Because of the robust
property of H.. controllers, it is straightforward to find an H.
controller to stabilize all of the plants characterized by all
possible c.g. locations of the airplane. But it is very difficult
to meet the 11 performance specifications in addition to the
stability requirement. The difficulty arises in the selection of
the appropriate weighting functions Wi(s) and Ws(s) to satisfy
so many specifications simultaneously and to ensure robust
stability with such a large c.g. shift. There exist some qualitative
relations between weighting functions and closed-loop perfor-
mance, but these relations can at most suggest a rough range
of each parameter in weighting functions, and a large amount
of effort is still needed to determine the specific numerical
value of each parameter to meet all of the specifications.

This design difficulty can be conquered by matrix experi-
ments. Matrix experiments using orthogonal arrays provide a
very efficient and systematic methodology to predict the opti-
mum setting of H.. weighting parameters. In the quality control
community, the fundamental function of a matrix experiment
is to determine the parameters to make the system performance
insensitive to uncertainties, the so-called robust performance
function. Accordingly, we can say, as will be verified subse-
quently, that although the H. controller provides a good archi-
tecture for stability robustness, the matrix experiment, that
provides well-qualified H.. weighting parameters, helps the H..
controller to ensure performance robustness, including in the
presence of c.g. shift. Strong analogy between the present
approach, i.e., design of H. weighting functions by matrix
experiments, and p synthesis has been observed during the
study of this work. Further understanding of this analogy is
under investigation.

The weighting functions W, and W; in Eq. (12) and the
prefilters shown in Fig. 1 are chosen in the following way.

s/B +1

Wil = A 550 (132)
S/C + 1
W) =D o5+ 1 (130)
with prefilters
E F
stE’ s+ F (13¢)

Ideally, W,(s) must have poles at s = 0 to ensure zero tracking
error in the presence of step input. The term 5 X 10™* in Eq.

(13a) is introduced intentionally to avoid numerical singularity
caused by MATLAB algorithms. For good tracking perfor-
mance, sensitivity function S(s) should, in general, exhibit low-
gain property over the low-frequency range. Since [|[W,(s)S(s)||-
= 1 [from Eq. (12)], we recognize that W(s) in Eq. (13a) must
behave as a low-pass filter. As to the choice of Wi(s), the
dc gain D of Wy(s) should be large enough to envelope the
multiplicative plant uncertainty caused by c.g. shift. At the
same time, the high-pass property of W;(s) is required to achieve
enough bandwidth for the closed-loop transfer function 7(s) by
noting [|W3(s)T(s)ll. = 1. The bandwidth of T(s) is dominated
by the factor C. Consequently, there are six parameters be
determined, namely, A, B, C, D, E, and F. In some rare cases
where stability and performance specifications are complicated
and even conflicting, second-order or other higher degree
weighting functions are needed to provide enough freedom for
performance tradeoff. No matter how many parameters are
involved in the weighting functions, matrix experiments can
be equally applied by exploiting appropriate orthogonal arrays.

Some qualitative properties of H. weighting functions can
be found in the literature!'®'® that are helpful in estimating rough
range of weighting parameter before conducting the matrix
experiment. This rough range is then divided into several levels,
and the best level of each parameter is determined by the
following matrix experiments.

V. Conducting Matrix Experiments

Focusing on the application of matrix experiments to flight
controller design, we do not intend to describe the theory of
matrix experiments in detail; however, the underlying concept
of a matrix experiment using orthogonal arrays is embedded
in the following construction process of qualified weighting
functions. We refer interested readers to Ref. 8 for more details
about the general theory of matrix experiments. The optimiza-
tion strategy of weighting functions consists of seven steps
(A-Q).

A. Tdentify Noise Factors

A noise factor is defined as a factor that can cause the
response to deviate from the target performance and lead to
quality loss. Plant uncertainty, system parameter variation, sen-
sor noise, and disturbance can all be considered as noise factors.
Here we are mainly concerned with the quality loss due to
airplane c.g. shift. To establish experimental data, flight perfor-
mance should be recorded for different c.g. locations. We will
use two sets of data corresponding to the responses at the most
forward and the most aftward c.g. locations to represent the
effects of c.g. shift.

B. Identify Quality Characteristics and Objective Function

According to the design specifications mentioned earlier, the
quality characteristics to be observed during matrix experiments
will include the following items: 1) pitch rate overshoot Q,
2) normal acceleration overshoot N, 3) bandwidth in pitch
axis response wyg, 4) time delay in pitch axis response 7, 3)
short-period damping ratio {,, 6) short-period natural frequency
@y, 7) drop back time Ty, 8) control anticipation parameter CAP,
9) gain/phase margins, and 10) Gibson’s frequency response.

We will assign an on-off function f; to each quality character-
istic. For example, f,, which is associated with the pitch rate
overshoot Q,, is set to 1 if specification 1 is satisfied, i.e., if
the pitch rate overshoot is lower than 35%; otherwise, f, is set
to zero. The remaining functions f,—f,, are defined in the same
way. Instead of the two-stage on-off function, we can adopt
other multistage functions to quantify the quality characteristics
more precisely. The total quality of flight performance is mea-
sured by the objective function J defined as

J = 0.15f, + 0.156 + 0.2f; + 0.15f, + 0.1f;

+ 0.1f, + 0.1f + 0.05% (14)
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where the quality characteristics of items 9 and 10 will be
checked outside the experiments and are not included in J. The
reason for excluding items 9 and 10 from the matrix experiment
is their strong coupling effects with items 1-8. A preliminary
study shows that the inclusion of items 9 and 10 will consider-
ably degrade the additivity property. The weights in J reflect
the relative importance of each individual quality characteristic
with respect to the total quality and are of different numerical
values, depending on the mission of airplane.

C. Identify Control Factors and Their Levels

The control factors are those parameters that can be specified
freely by the designer. The more complex a process, the more
control factors the designer has and vice versa. In the process
of synthesizing H.. controllers, the control factors are the param-
eters in the weighting functions W,(s) and W;(s) and the prefil-
ters as shown in Eq. (13). For other control structures such as
PID and linear quadratic Gaussian (LQG), they have different
parameters to be specified. For example, in PID structure there
are three gains to be determined; in LQG structure there are
two weighting (transfer) matrices to be determined. No matter
what kind of control structure is used, a matrix experiment
tends to optimize the desired parameters.

Instead of assigning a specific controller structure a priori,
we can also assume a general form of controller,

b+ -+ bis + by

K(s) =
(s) tasl4 et as g

15)

and leave the coefficients a; and b; to be determined automati-
cally by the mechanism of the matrix experiment to satisfy the
stability and performance specifications.

The control factors in the present study are the four parame-
ters A, B, C, and D in the weighting functions W, and W; and
the two parameters E and F in the prefilters. The range of
each parameter is divided into five levels. Table 2 shows the
numerical value for each level.

Before dividing the range of each parameter into several
levels, a rough range for each parameter should be known in
advance. This rough range can be estimated by qualitative
properties of the H.. weighting functions. If the control designer
does not have any idea about the magnitude of the parameters,
a preliminary matrix experiment can help locate a rough range
for each parameter. This can be done, for example, by assuming
a very large range for A, say from O to 10,000, and then divide
this range into five levels. Suppose that the first run of the
matrix experiment gives the optimum level between 0 and 2000
for A, we can further divide this range into several subintervals
and continue the experiment to obtain a more refined range for
A. After two or three iterations of the process, a reasonably
small range for each parameter can be identified and the final
refinement of the parameters can proceed, as we will do here.

It is a rule of thumb that at the start of the experiment we
select three levels and take the levels sufficiently far apart so
that a wide region can be covered by the three levels to fully
reflect the nonlinear relations between parameters and quality
characteristics. Commonly, one of these levels is taken to be
the initial operating condition. Note that we are interested in
the nonlinearity, so taking the levels of parameters too close
together is not very fruitful. If we take only two levels, curvature

Table 2 Levels

effects would be missed, whereas such an effect can be identi-
fied by selecting three levels.

D. Design Matrix Experiment

The matrix experiment selected for this study is given in
Table 3. It consists of 25 individual experiments corresponding
to the 25 rows. The entries of the second block in the table
represent the levels of the parameters. Accordingly, experiment
1 is to be conducted with each parameter being at its first level.
Referring to Table 3, we see that the parameter levels for
experiment 1 are A = 0.500, B = 5.00, C = 220, D = 0.050,
E = 1.00, and F = 5.00. The matrix experiment of Table 3
exploits the standard orthogonal array L,s of Taguchi.®'® It can
be shown that the columns of this array are mutually orthogonal.

E. Conduct Matrix Experiments

All of the 25 experiments have been conducted in a flight
simulator that implements the complete six-degree-of-freedom
nonlinear equations of aircraft motion with real aerodynamic
data from wind-tunnel tests and with the thrust model from
real engine tests. The flight control system being adopted is
shown in Fig. 1. The simulation environment has been kept
the same for all of the 25 experiments, except for the numerical
values of the four parameters in the H. weighting functions
and the two parameters in the prefilters. Each experiment corres-
ponds to a specific set of parameters. After the completion of
each experiment, eight quality characteristics will be recorded,
namely, Qu, Nys, ®par Tpy Ly W, Ths, and CAP. Since we are
interested in the variation of the quality characteristics due to
airplane c.g. shift, all of the 25 experiments will be repeated
for different c.g. locations. For example, for experiment 1 with
the most forward (most aft, respectively) c.g. location, the eight
quality characteristics evaluated from the simulator response
are Q, = 14.9 (3.1), Ny, = 2.2 (3.6), wy, = 422 (4.63), 1, =
0.051 (0.045), ¢, = 0.79 (0.82), w,, = 5.62 (11.51), T}y =
0.13 (0.27), and CAP = 0.31 (1.26). The total quality J for
experiment 1 is then found from the quantitative measure
defined in Eq. (14); and the results are J = 25 for the foremost
c.g. position and J = 50 for the aftmost c.g. position. In the
same manner, the values of J for the remaining 24 experiments
can be constructed, and the results are listed in the third block
of Table 3. Once the values of J for all of the 25 experiments
have been established, we can estimate the optimum level for
each parameter which results in the smallest variation of quality
characteristics due to c.g. shift.

F. Analyze Data and Estimate Optimum Levels

The first step in data analysis is to summarize the data for
each experiment. The objective function J is calculated from
the eight quality characteristics via the relation (14). The central
idea of the matrix experiment is to predict the optimum setting
of the control factors such that the quality loss is minimized.
The quality loss Q; in our present case is defined as

1/1 1 1
QL=;<J—%+7Z+"'+P (16)

where J; is the value of the objective function J evaluated at
the z™ noise level. Here, only two noise levels are considered,

of each control factor

Parameter Level 1 Level 2 Level 3 Level 4 Level 5
A 0.50 1.50 2.50 3.50 4.50
B 5.0 20.0 35.0 50.0 65.0
C 220.0 270.0 320.0 370.0 420.0
D 0.05 0.10 0.15 0.20 0.25
E 1.00 2.00 3.00 4.00 5.00
F 5.00 10.0 15.0 20.0 25.0
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Table 3 Matrix experiments using L,; orthogonal arrays

Objective function SIN

Exp. A B C D E F Aft c.g. Fore c.g. n
1 1 1 1 1 1 1 25 50 30.00
2 1 2 2 2 2 2 49 79 3540
3 1 3 3 3 3 3 49 80 3543
4 1 4 4 4 4 4 49 80 35.43
5 1 5 5 5 5 5 34 80 3292
6 2 1 2 3 4 5 49 80 3543
7 2 2 3 4 5 1 25 69 30.43
8 2 3 4 5 1 2 69 80 37.37
9 2 4 5 1 2 3 90 35 33.28
10 2 5 1 2 3 4 65 75 36.84
11 3 1 3 5 2 4 49 100 35.88
12 3 2 4 1 3 5 35 45 31.84
13 3 3 5 2 4 1 60 69 36.13
14 3 4 1 3 5 2 70 75 37.19
15 3 5 2 4 1 3 90 55 36.44
16 4 1 4 2 5 3 49 100 35.88
17 4 2 5 3 1 4 65 25 30.37
18 4 3 1 4 2 5 65 35 32.79
19 4 4 2 5 3 1 15 60 26.27
20 4 5 3 1 4 2 60 60 35.56
21 5 1 5 4 3 2 50 79 35.53
22 5 2 1 5 4 3 75 75 375
23 5 3 2 1 5 4 35 35 30.88
24 5 4 3 2 1 5 15 25 25.20
25 5 5 4 3 2 1 44 44 32.87

i.e., the two different c.g. locations. From the definition for J
we know J; =< 100 (%), and the equality occurs when all of
the eight specifications are satisfied. As the value of J; becomes
smaller, the quality deviates more from the target performance,
and the magnitude of Q; becomes larger. Hence, we can consider
O, as a quantitative measure for quality loss. From the viewpoint
of J, we would like it to be as large as possible. Why do we
take the reciprocal of a larger-the-better type characteristic and
then treat 1/J° as a smaller-the-better type characteristic? It has
been shown in Ref. 8 that minimizing the mean-square recipro-
cal quality characteristic, (1/n) 3, 1/J7, has the effect of minimiz-
ing performance variation and, at the same time, maintaining
the quality at its target performance; however, if we try to
maximize the mean-square quality characteristic, (1/n) % J2,
we would have an adverse effect.

The ratio m calculated from Eq. (1) is listed in the last block
of Table 3. For example, in experiment 1 the quality loss @y
is calculated as Q; = V2 [(1/25%) + (1/50%)] = 1073, and then
the ratio m for experiment 1 is 10 logy, 1/1073 = 30.

After the values of m for each experiment are summarized,
the next step is to estimate the effect of each parameter on the
quality characteristics. First, the overall mean value of m for
the experimental region defined by the factor levels in Table
2 is given by

25

1 —
m= s Z m = 33.71 )

i=1
By taking the numerical values of m listed in Table 3, the

average m for each level of the five parameters can be obtained
as in Table 4. For example,

Table 4 S/N ratio of each parameter level

Parameter Level 1 Level2 Level3 Leveld Level5
A 33.836 34.670 34495 32173 32.395
B 34.543 33,108 34.520 31.474 34,925°
C 34.863*  32.884 32.501 34.678 33.645
D 32.312 33.888 34.258° 34,123 33.988
E 31.876 34.034 33.180 36.011* 33461
F 31.140 36.211*  35.706 33.879 31.634

*Maximum S/N ratio.

my =Y (m + M+ s+ M+ o)
= 15 (30.00 + 35.40 + 35.43 + 3543 + 32.92)
= 33.836

mg, = Y5 (M + Mz + M + Mg + M) = 34.520

etc.

The entries in Table 4 represent the separate effects of each
parameter and are commonly called main effects. From Table
4 we can determine the optimum level for each parameter as
the level that has the highest value of 1 (noted in the table).
Thus, from Tables 2 and 4, the best A is A; = 2.500; the best
B is Bs = 65.000; the best C is C; = 220.000; the best D is
D; = 0.150; the best E is E, = 4.000, and the best F is F,
= 10.000.

The estimated best setting need not correspond to one of the
rows in the matrix experiment. Typically, the value of 1 realized
for the estimated best setting is better than the best among the
rows of the matrix experiment. Based on the results of the
matrix experiment, the estimated optimum weighting functions
and prefilters become

Wi=25——os 0 1/655 : 110_4 (182)
W, = 0.15 ———————sglzgs i i (18b)
s fE - s j— 4 (18¢)

5 fF T s 1010 (18d)

We use these estimated optimum weighting functions to gener-
ate the desired H.. controller.

G. Conduct Verification Experiment

The various quality characteristics recorded from the flight
simulator, when using the obtained H. controller and prefilters,
are listed in Table 5. ’
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Table 5 Optimal quality characteristics

c.g. position Qos Nz, Wy T [ W, Ta CAP Gain/Phase margin J
Aft 17.4 1.5 6.54 0.032 1.07 14.06 001 1.94 15.7/59.3 100
Forward 13.0 0.0 7.34  0.031 098 16.58 0.04 2.62 ®/61.6 75

The quality characteristics are verified at two c.g. locations,
i.e., the most forward and the most aft positions. The observed
quality loss Q, is calculated from Eq. (16) as @, = (1/J7 +
17H12 = (1/100° + 1/75%/2 = 1.389 X 10~* and the observed
1 becomes Mg = 10 log 1/Q; = 38.57. On the other hand, the
prediction of the optimum r based on the additive model Eq.
(4) is obtained as

nop[=m+a3+b5+ci+d3+e4+f‘2

It

m+ (mA3 - m) + (mBs - m) + (mC1 - m)

+ (mp, — m) + (mg, — m) + (mp, — m) = 42.19

where m = 33.71 from Eq. (17) and m,,, ms, mc, myp, mg, and
mg; can be read from Table 4. The closeness between 1, and
Mo Shows that additive model is a good approximation, and
the estimated combination of parameters A;BsC,D;E,F, is very
close to the optimum situation. In the following, we show, from
three aspects, that the aforementioned 11 design specifications
are nearly satisfied during the variation of c.g. locations. The
only exception is the Nz, requirement. A 1.5% overshoot is
observed in the N, response at the foremost c.g. position.

1) Frequency response: As can be seen from Table 5, the
resulting gain margin is larger than 6 dB and the phase margin
is larger than 45 deg for both c.g. locations. It can be checked
that the relative magnitudes of gain/phase margin with respect
to the bandwidth w,, for both c.g. positions satisfy military
level-1 requirement. Referring to Fig. 3, we see that the gain-
phase trajectory of pitch axis control loop for both c.g. locations
fall within the satisfactory area of optimal tracking in the Gib-
son’s plot.

2) Time response: In this part we check the satisfaction of the
time responses for N, and g. Figure 5a shows that no overshoot
exhibits in the N, response at the foremost c.g. position, although

the overshoot at the aftmost c.g. position is 1.5%. This small
overshoot is also indicated in Table 5 and is the only quality
characteristic that does not meet the requirement of performance
robustness. The overshoot in pitch rate response as shown in
Fig. 5b does not exceed the 35% upper limit. The surface rate
H; and the surface deflection H; are far below the saturation
limit. The drop-back times Ty, for both c.g. locations are between
0 and 0.25 as expected.

3) Equivalent system: As shown in Table 5, the short-period
damping ratio {,, is between 0.4 and 1.4 and the natural fre-
quency w,, of the equivalent second-order system satisfies the
level-1 requirements. Finally, the resulting control anticipation
parameter CAP for both c.g. locations are between 0.28 and
3.6 as expected.

Although this controller does not meet the specifications
precisely, its tendency of maintaining performance satisfaction
in the presence of plant uncertainty is incontrovertible. Actually,
H. controllers satisfying precisely the requirement of per-
formance robustness can be obtained by adopting second-order
weighting functions instead of those in Eq. (13). In this case,
we have five free parameters for each weighting function, and
hence there are 10 parameters to be determined. The Ly, matrix
experiment is very suitable for this purpose if we still assign
five levels to each parameter. However, it should be noted that
precise performance robustness is achieved at the cost that the
number of experiments (50) is now twice the previous one and
the degree of the resulting H.. controller is increased by two.

As to stability robustness, since the weighting function W;(s)
has been chosen to envelop the largest possible plant uncertainty
(worst case) caused by the c.g. shift at the foremost and the
aftmost positions, this Wi(s) can also envelop the plant uncer-
tainties over all intermediate c.g. positions. Consequently, the
condition [|W3(s)T(s)|l- < 1 ensures that the aircraft is stabilized
by the resulting H.. controller at any c.g. position. In summary,

1 G step response (solid-aft c.g., dash-forward c.g.)

1.5 T T T T

T T ¥ T
' '

Nz ("g)

Pitch rate (deg/sec})

25
Time (sec)

Fig. 5 1G step response for a) normal acceleration N, and b) pitch rate q.
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the present approach exploits H.. controllets to provide stability
robustness and exploits matrix experiments to provide parame-
ter selection with performance robustness. It is worth noting
that the tendency of the resulting H.. controller to achieve perfor-
mance robustriess and stability robustness is very similar to the
inherent property of w synthesis in spite of their totally different
approaches. It may become an interesting research topic to
relate present experimental design to its theoretical counter-
part—p. synthesis.

VI. Conclusions

In this paper, we propose a new methodology of choosing
H. weighting functions by exploiting matrix experiments. It
has been shown that matrix experiments using orthogonal arrays
provide a very efficient and systematic way to estimate the
optimum setting of the weighting parameters according to the
prescribed stability and performance specifications, especially
when the specifications are complex and conflicting. Of great
importance is that the conclusions arrived at from the few
experiments are valid over the entire experimental region
spanned by the parameters and their levels. Hence, the required
time and cost for the experiments can be reduced significantly.
Finally, it is worth noting that under the structure of matrix
experiment, the desired weighting functions and the resulting
H.. controller can be determined using real hardware and in the
environment within which the controller is designed to operate.
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